053737 


UNCLASSIFIED. 


SECURITY  CLASSIFICATION  OF  THIS  PAGE  (’tVTl.n  OaI*  Entered) 


REPORT  DOCUMENTATION  PAGE 


I.  REROR  r NUM3ER 


A.  title  fa 


12.  GOVT  ACCE 


REAU  INSTRUCTIONS 
BEFORE  COMPLETING  FORM 


RECIPIENT’S  CATALOG  ‘lUMaER 


S.  type  of  report  ft  PERIOD  COVERED 


^HE  USE  OF  ^DUNDANT  PACKETS  IN  SLOTTED-^LOHA- 
TYPE*^RANDOM-ACCESS  SYSTEriSK  *’  ' j 


Paper 


RT  NUMBER 


7.  author^*; 


James  hJ  Massey 


ERFORMING  ORGANIZATION  NAME  AND  ADDRESS 


(p 


(Jqi4-64-C-118 


Massachusetts  Institute  of  Technology 
Electronic  Systems  Laboratory^ 
Cambridge,  Massachusetts  02139 


M.  CONTROLLING  OFFICE  NAME  ANO  ADDRESS 

Defense  Advanced  Research  Projects  Agency 
1400  Wilson  Boulevard 
Arlington,  Virginia  22209  


■ 4.  monitoring  agency  name  a ADDRESSpY  dtUerent  tram  Controlllnt  Olllce) 
Office  of  Naval  Research 
Information  Systems  Program 
Cods  437 

Arlington,  Virginia  22217 

16.  UlSrHI'JU  riON  statement  (ot  Ihit  Report) 


10.  PR 

AREA  6 WORK  JNIT  NUMBERS 

Program  Code  No.  5X10 
CNR  Identifying  No.  049-383 


13.  NUMBER  OF  PAG 


15.  SECURITY  CU 


warn 


UNCLASSIFIED 


lie.  OECL  ASSIFICATION/OOWNGRADINC 
SCHEDULE 


Approved  for  public  release;  distribution  unlimited. 


17.  DISTRIBUTION  STATEMENT  (ol  the  ebetrect  ertlered  In  Block  20,  II  dlllereni  front  Report) 


o D ^ 




10 


18.  SUPPLEMENTARY  NOTES 


19.  key  words  (Continue  on  reverse  side  it  neceeaury  and  Identify  by  block  nuaiber) 

random  access  difference  sets  Aloha  System  redundancy 


STRACT  (Continue  on  ravo.'.«o  aide  It  neceaear/  and  Identity  by  block  numbaO 

Slotted-Aloha-type  systems  are  considered  in  which  each  transmission  is  a 
super-packet  consisting  of  several  data  packets  and  some  redundant  packets  in 
a fixed  temporal  pattern.  T\yo  results  are  obtained.  The  first,  a negative 
result,  shows  that  such  redundancy,  no  matter  hov;  cleverly  exploited,  cannot 
increase  the  system  throughput  above  that  for  irredundant  transmissions.  The 
second,  a positive  result,  shows  that,  when  the  temporal  pattern  is  determined 
by  a simple  difference  set,  average  data  packet  delay  can  be  x'educed  over  an 


ijAr73  1473  EDITION  OF  I NOV  65  IS  OBSOLETE 
S/N  0102*014- 6601 


s\cu 


RITY  CLASSIFICATION  OF  THIS  PACE  Bntered) 


t 


I 

! 

i 

1 

i 

t 

I 

1 

r 

I 

i 

I 

i 

! 

I-  i 


! 


4 


• • • ('ito  appear  in  Proceedings  of  the  1978  Conference  on  Information  Sciences  and 

Systerr.s,  Johns  Hopkins  University,  Baltimore,  MD,  llarch  29-31,  1978) 

March,  1978  the  use  of  rediwdwjt  packets  in  SLCTTEr>- aloha- type  pa.'.’dc;*- access  systems*  ESL-P-809 


James  L.  Massey 
Electronic  Systems  Laboratory’ 
Massachusetts  Institute  of  Technology 
Cairbritlge,  MA  02139 


ABSTRACT 

Slotted- Aloha- type  systems  are  considered  in 
which  each  transmission  is  a super-packet  con- 
sisting of  several  data  packets  and  some  redun- 
dant packets  in  a fixed  tem.poral  pattern.  Two 
results  are  obtained.  The  first,  a negative  re- 
sult, shows  that  such  redundancy,  no  matter  hov 
cleverly  exploited,  cannot  increase  the  system 
throughput  above  that  for  irredundant  transmis- 
sions. The  second,  a positive  result,  shows 
that,  when  the  temporal  pattern  is  determined  by 
a siriple  difference  set,  average  data  packet 
delay  can  be  reduced  over  an  interesting  range  of 
throughput  values. 

I . lOTRODUCTION 


We  consider  random- access  systems  of  the 
“slotted- Aloha- type,"  by  which  wc  mean  the 
following.  Each  of  many  information  source'- 
sporadically  generates  binary  data  in  f",’  form  of 
"packets"  that  are  T seconds  long  (r^e  isured  in 
time  required  for  transmission)  whim  it  presents 
to  its  associated  transmitter.  If  the  starting 
tiTTS  of  the  packet  lies  in  the  int'.rval  [iT-T,iT), 
then  it  is  transmitted  over  the  cemron  c!;.ar.nol  in 
the  time  "slot"  [iT,  iT+T),  i.e.,  packets  are 
transroitted  in  the  first  available  slot  after 
their  arrival  at  the  transmitter.  I'Sien  two  or 
more  packets  are  transmitted  in  the  same  slot,  a 
"collision"  occurs  which  destroys  these  packets; 
otherwise,  a transmitted  packet  is  correctly 
received.  Each  source  eventually  learns  for 
each  of  its  transmitted  packets,  via  some  feed- 
back mechanism,  whether  or  not  that  packet  was 
"lost"  in  a collision.  We  shall  permit 
"redundancy"  in  the  packets  from  a given  source 
so  that  tlic  receiver  can  sometimes  reconstruct  a 
lost  packet  from  other  correctly  received  packets. 
But,  v;hen  the  receiver  cannot  reconstruct  the 
lost  packet,  the  source  in  question  must  even- 
tually present  the  lost  packet  for  retransmission. 


V/e  no’w  suppose  that  the  sources  emit  their 
packets  always  in  the  forr>  of  suporpackets  con- 
sisting of  K information  packets  and  N - K redun- 
dant packets  (whlcii  arc  completely  detemined  by 
the  data  packets)  in  a fixed  tcmr>oral  pattern. 
This  pattern  will  be  specified  by  the  index  vec- 


tor 


. . , ijj)  wlicre  i ^ 0 < i^  < , 


< i.. 


in 


the  manner  that  if  the  starting  time  of  the 
superpacket  is  t,  then  tlie  j-th  packet  in  the 
suporpacket  starts  at  time  t+i^.  In  Figure  1, 


iT  (i+l)T  (i+2)T 


A © B 



{i+3)T  (l+4)T 


Figure  1 
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f a Superpacket  During  Trans- 
ith  ?I  = 3,  K = 2 and 
) = (0,1,3). 


we  show  the  structure  of  a superpacket  when  N = 3, 
K“2,  the  redundant  packet  is  the  modulo-tvo  sum 
of  the  two  information  pac);ets,  and  the  temporal 
pattern  has  the  index  vector  (0,1,3). 

place  a further  restriction  on  the  system 
by  requiring  that  only  entire  superpackets  can  bo 
retrar.or.itted,  even  when  only  one  component  pac- 
ket may  have  been  lost  through  collisions.  We 
make  this  restriction  to  simplify  the  analysis, 
but  it  right  also  be  desirable  for  the  resulting 
simplification  in  retransmission  procedures. 

II.  «U?K?PAaCETS  VTTH  SIMPLE  DIFFt^REtlCF  SET 

TEITORAL  PATTEPJo 

A set  of  N distinct  integers  {i,  ,i_,. . . ,i  ,} 

12  N 

is  a simple  difference  set  if  the  N(M-l)  differ- 
ences i.-i  , jj^k,  are  all  distinct.  [A  "perfect 
3 k 

difference  set",  scmeti-.es  called  only  a "differ- 
ence set",  is  a simple  difference  set  whose  dif- 
ferences are  also  non-zero  and  distinct  when 
taJeen  modulo  N (:.’-!)  +1.)  The  following  property 
shows  why  the  index  vector  (i^^  ,1^ , . . . .i^j)  should 

alv7ays  be  chosen  so  that  its  components  form  a 
simple  difference  set. 

Property  1;  When  and  only  when  components 
of  the  index  vector  form  a simple  difference  set, 
then  two  colliding  trar.snittod  superpackets  col- 
lide either  in  all  M com.ponent  packets  or  in 
exactly  one  component  packet. 

Proof:  Suppose  first  that  the  components  of 
the  index  vector  do  form  a sim.ple  difference  set 
and  th.nt  a superpacket  starting  in  slot  j ccllidos 
with  a superpacket  starting  in  slot  j'  in  at 
least  two  packets.  Then,  for  some  integers  p,  q, 
r and  s , we  have 


j + i 

F 


+ i 

q 

+ i 
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(1) 


which  iirplies  that  1 - ■ t_  - 1..  But  the 

p p q 8 

defininc  property  of  a simple  difference  set 

then  implies  that  p ■ q and  r ■ s , and  hence  that 

j» j*  so  the  superpackets  collide  in  all  M 

packets^  Conversely,  if  the  indices  do  not  form 

a simple  difference  set,  there  exist  p/<l  such 

that  i -i  “i  -i  , and  hence  there  exist  j/j* 
p r q s 

such  that  (1)  is  satisfied.  But  this  irplies 
that  two  superpackets  can  collide  in  more  than 
1,  but  less  than  N,  packets.  Q.E.D. 

The  next  property  should  now  be  obvious,  so 
we  omit  a formal  proof. 

Property  2;  For  a given  packet  of  a given 
transmitted  superpacket,  there  are  exactly  N-1 
starting  slots  for  a transmitted  superpacket 
that  collides  with  the  given  superpacket  in  only 
the  given  packet.  Moreover,  these  N-1  slots 
are  disjoint  from  the  corresponding  N-1  slots 
for  any  other  packet  of  the  given  superpacket. 

III.  MAXIMUM  DISTMICE  SEPARABLE  CODES 

VJe  shall  in  the  sequel  be  primarily  inter- 
ested in  the  case  where  K = N-1  and  where  the 
single  redundant  packet  is  the  modulo- two  sum  of 
the  N-1  information  packets.  In  this  case,  the 
receiver  can  always  reconstruct  a single  lost 
packet — by  svbtracting  modulo-two  each  of  the 
other  information  packets  from  the  redundant 
packet  when  an  information  packet  is  lost.  Thus, 
a superpacket  needs  to  be  retransmitted  if  and 
only  if  two  or  more  of  its  packets  are  lost 
through  collisions. 

The  above  single  coding  scheme  is  an  exam- 
ple of  a "maximum  distance  separable"  [1,  pp. 

309-  311J  error- correcting  code.  If  there  are  m 
bits  in  a packet,  we  can  consider  a pac^t  to  be 
a single  digit  in  the  finite  field  GF(2  ).  The 
minimum  H2unming  dist2mce  d of  a code  of  length  N 
with  K information  digits  over  any  field  satis- 
fies d£N-K  + l;  when  equality  holds,  the  code 
is  called  maximum  distance  separable  (MDS) . The 
best  known  MDS  codes  arc  the  shortened  Beed- 
Solomon  codes  [1,  p.  218]  which  exist  for  any 
K<N<2‘''.  Thus,  the  class  of  MDS  codes  is  rich 
enough  to  cover  all  cases  of  possible  interest 
in  the  present  application. 

It  is  well-knavn  in  coding  theory  that  the 
maximum  number  of  "erased",  or  "lost",  digits 
that  can  be  reconstructed  in  a code  word  is  d-1. 
Thus,  when  MDS  codes  are  used  in  the  present 
application,  retramsmission  of  a superpacket  is 
necessary  if  and  only  if  more  than  N - K packets 
are  lost  through  collisions. 

IV.  SYSTEM  ANALYSIS 

He  now  proceed  to  analyze  a slotted-Aloha- 
type  multiple-access  system  with  redundant  pac- 
kets in  which  (1)  the  components  of  the  index 
vector  form  a simple  difference  set,  and  (2)  the 
(N,K)  code  used  to  determine  the  redundant  pac- 


kets is  maximum,  distance  separeible  (^tDS)  . 

We  sipoose  that  the  starting  times  of  all 
the  superpackets  newly  generated  by  tlie  sources 
form  a stationary  Poisson  point  process  whose 
average  number  of  points  in  any  T second  interval 
is  With  this  normaliretion,  Xg  is  the 

average  nuirber  of  information  packets  per  slot 
(i.e.,  the  information  packet  rate)  and  is  the 
appropriate  parameter  to  constrain  when  conparing 
systems  with  different  amounts  of  redundancy.  In. 
particular,  when  the  system  is  in  the  "equilib- 
rium rode"  so  that  superpackets  are  being 
correctly  received  or  reconstructed  at  the  seune 
rate,  on  the  average,  as  they  are  being  generated 
by  the  sources,  Xg  is  the  system  throughput 
measured  in  information  packets  per  slot. 

Next,  we  make  the  Poisson  hypothesis  (first 
and  boldly  made  by  Abramson  [2]  for  the  original 
"pure  Aloha”  system)  that  the  starting  time  of 
all  superpackets  presented  by  the  sources  for  re- 
transmission also  form  a stationary  Poisson  point 
process,  indei>endent  of  the  former  one,  whose 
average  is  X^  points  in  any  T second  Interval. 

It  is  well-known  (3)  that,  although  the  Poisson 
hypothesis  cannot  be  strictly  justified,  it 
accurately  predicts  system  behavior  when  the  sys- 
tem is  operating  in  its  equilibrium  mode  and  when 
some  care  has  been  taken  to  randomize  appropri- 
ately the  starting  times  of  retramsmitted  packets. 

Because  they  are  the  sum  of  two  independent 
and  stationary  Poisson  point  process,  the  start- 
ing times  of  all  superpackets  presented  for 
treinsmission  over  the  common  channel  form  a 
stationary  Poisson  process  whose  average  nuirber 
of  points  in  any  T second  interval  is 

X = Xq/K  + X^.  (2) 

We  shall  call  X the  channel  superoacket  rate; 
and  we  call  X^,  = hX  the  channel  packet  rate.  It 
follows  that  " the  probability  Pq  that  no  super- 
packet begins  in  any  given  channel  slot  is  just 

Pg  « e (3) 

Let  Pj^  denote  the  probability  that  a given 
superpacket  is  successfully  transmitted  in  the 
sense*  that  retransmission  is  unnecessary.  Then, 
when  the  system  is  in  its  equilibrium  mode, 

PlX  - Xp/K 

since  P^X  is  then  the  rate  of  successfully  trans- 
mitted SDgierpackets.  Equivalently,  we  cetn  write 

Xq  - KPj^X  - (K/N)Pj^Xp.  (4) 

Next,  we  note  that  the  probability  is  e 
that  no  superpacket  begins  in  any  of  the  N-1 
slots  which,  according  to  Property  2,  would  cause 
a single-packet  collision  with  a given  packet  of 
a given  transmitted  superpacket.  Hence,  the 
probability  pj  of  such  an  indirect  hit  on  the 
given  packet  of  the  given  superpacket  is 


-X(N-l) 


Siriilarly,  the  probability  pp  of  a direct  hit, 
i.e.,  a collision  with  all  N packets,  on  the 
given  superpacket  is 


Property  2 also  implies  that  indirect  hits 
on  distinct  given  packets  of  the  given  superpac- 
ket are  independent.  Thus,  the  probability  of 
the  event  A that  N-K  or  fewer  indirect  hits  are 
made  on  the  given  superpacket  is 


= E (i)  p/ 


The  probability  of  the  event  B that  no  direct  hit 
is  made  on  the  given  superpacket  is 

P(B)  - 1 - Pjj  = e~^  . (8) 

But,  the  probability  of  successful  transmission 
is  just 

Pj  = P(AOB)  » P(A)P(B)  (9) 

since  A and  B are  independent  events. 

V.  THE  SPECIAL  CASE  OF  A SINGLE  REDUNDANT  PACKET 

For  the  special  case  where  a single  redun- 
dant packet  (equal  to  the  modulo-two  sum  of  the 
information  packets)  is  used,  i.e.,  for  K ° N-1, 
(7),  (8)  and  (9)  yield 


t.  L -^p<n-i)Vn 

Pl-j_Ne 


and  (4)  becomes 

X - X_ 


For  this  situation,  we  have  plotted  the  through- 
put Ag  versus  the  channel  packet  rate  Xp  » hX  for 
N “ 2,3,  and  4.  For  comparison,  we  have  plotted 
Xg  also  for  the  ordinary  slotted  Aloha  system 
without  redundant  packets,  i.e.,  for  K>N«:1, 
whose  describing  equations  are 


Pl^p  - 


The  first  impression  from  Figure  2 is  one  of 
disappointment.  Hone  of  the  redundant  schemes 
achieves  the  maximum  throughput  1/e  .37  of 

ordinary  slotted  Aloha,  and  the  maximum  through- 
put decreases  as  N Increases. 

In  fact,  as  we  now  argue,  the  use  of  redun- 
dant packets  (even  without  our  restrictive 
assumption  that  entire  superpackets  must  be  re- 
transmitted when  packets  are  lost)  can  never 
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Figure  2 Throughput  Comparison  of  Slotted 

Aloha  with  Schemes  Using  N-1  Infor- 
mation Packets  and  1 Redundant  Packet 


increase  the  maximum  throughput  afforded  by 
slotted  7J.cha  with  its  selective  retransmission 
of  lost  packets.  For  suppose  that  the  N-K 
redundant  packets  in  a superpacket  are  used  to 
reconstruct  t lost  packets.  We  have  already 
seen  that  this  requires  N - K ^ t.  But  with 
selective  retransmission,  we  woxild  transmit  just 
the  t packets  needed  to  replace  those  that  were 
lost.  Hence,  whenever  t < N - K,  we  would  avoid 
some  transmissions,  thus  decreasing  the  collisicn 
probability  and  increasing  the  maximum  through- 
put attainable. 

We  should,  however,  shun  the  conclusion 
that  redundant  packets  have  no  positive  benefits. 
As  we  now  show,  they  can  decrease  the  delay  with 
which  the  information  packets  are  delivered  to 
their  destination  when  the  round  trip  delay 
(i.e.,  the  time  required  after  transmission  to 
receive  an  acknowledgement  or  non- acknowledgement 
is  large.  In  this  case,  the  system  delay  is 
determined  primarily  by  l/Pj^,  the  average  numiber 
of  times  that  a given  packet  is  transmitted;  the 
larger  Pj^,  the  smaller  the  delay. 

In  Table  I,  we  give  the  values  of  versus 
the  throughput  X for  tlie  same  four  systems  com- 
pared in  Figure  2.  v;e  see  from  this  table  that 
the  use  of  redundancy  can  Indeed  Increase  Pj^,  for 
a fixed  throughput  Xg,  compared  to  (irredundant) 
slotted  AJ-oha.  A closer  comparison  shows:  (1) 
that  the  N 2 system  is  never  superior  to  slotted 
Aloha,  (2)  that  the  N 3 system  is  superior  to* 
slotted  Aloha  for  0 < X^  < .185,  and  (3)  that 
the  N > 4 system  is  superior  to  slotted  Aloha  for 
0 < Xg  < .125  and  to  the  N » 3 system  for 
0 < Xg  < .064.  The  improvements  afforded  by 
redundant  packets  are  more  substantial  than  the 
closeness  of  the  numbers  in  Table  I might  seem 
to  indicate — for  instance,  at  Xg  ••  .10,  the 
system  i:ses  about  25%  fewer  retransmissions  than 
slotted  Aloha  since  the  retransmission  probabili- 
ties (1  - P]^)  are  .085  and  .106,  respectively. 
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Through-  (Sotted 


put  1b 

(N=2  systerd  (N= 

3 system)  (N»4  system)  Aloha) 

.05 

.946 

.965  .969 

.949 

.10 

.884 

.915  .909 

.894 

.15 

.804 

.849  .813 

.836 

.20 

.710 

.755  .633 

.771 

Table  I Oonparison  of  the  Probability  of 

Successful  Transmission  for  Slotted 
Aloha  and  Schemes  Using  N-1  Infor- 
mation Packets  and  1 Redundant  Packet 


VI . CONCLUSIONS 

We  have  shown  that  the  use  of  redundant  pac- 
kets in  a random-access  situation,  while  it  can- 
not Increase  system  throughput  over  that  afforded 
by  the  use  of  irredundant  packets  with  selective 
retransmission,  can  provide  improved  delay 
characteristics. 

We  should  emphasize  that  we  demonstrated  the 
iit5)roved  delay  characteristics  using  only  the 
sinplest  possible  MOS  codes,  viz.,  those  with  a 
single  redundant  packet.  It  seems  to  us  that  the 
potential  of  more  powerful  MDS  codes  ought  cer- 
tainly to  be  explored.  Moreover,  we  also  imposed 
the  stringent  requirement  (mostly  for  convenience 
in  our  analysis)  that  entire  supetpackets  must 
always  be  transmitted.  The  potential  further  gain 
when  this  restriction  is  removed  ought  also  to  be 
investigated. 
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